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Over the last few years LHCb with present energies found some discrepancies in b→ s`+`− FCNC
transitions including anomalies in the angular observables of B → K∗µ+µ−, particularly in P ′5, in
low dimuon mass region. Recently, these anomalies are confirmed by Belle, CMS and ATLAS.
As the direct evidence of physics beyond-the-SM is absent so far, therefore, these anomalies are
being interpreted as indirect hint of new physics. In this context, we study the implication of non
universal family of Z′ model to the angular observables P1,2,3, P ′4,5,6 and newly proposed lepton
flavor universality violation observables, Q4,5, in B → K∗(→ Kpi)µ+µ− decay channel in the low
dimuon mass region. To see variation in the values of these observables from their standard model
values, we have chosen the different scenarios of the Z′ model. It is found that these angular
observables are sensitive to the values of the parameters of Z′ model. We have also found that
with the present parametric space of Z′ model, the P ′5-anomaly could be accommodated. However,
more statistics on the anomalies in the angular observables are helpful to reveal the status of the
considered model and, in general, the nature of new physics.
I. INTRODUCTION
In flavor physics, the study of rare B meson decays
provide us a powerful tool, not only to test the standard
model (SM) at loop level but also to search the possi-
ble new physics (NP). searching of NP in rare decays of
B-meson demands to focus on those observables which
contain minimum hadronic uncertainties such that they
can be predicted precisely in the SM and are available
at current colliders. In exclusive rare B meson decays,
the main source of hadronic uncertainties come from the
form factors which are non-perturbative quantities and
are difficult to compute. In addition, these uncertainties
may preclude the signature of any possible NP. From this
point of view, among all rare decays, the four body decay
channel, B → K∗(→ Kpi)µ+µ−, have a special interest
in literature due to the fact that it gives a large variety
of angular observables, namely, Pi (i = 1, 2, 3) and P
′
i
(i = 4, 5, 6) [1] which are free from hadronic uncertainties
[2]. The comparison between the theoretical predictions
of these kind of observables in the SM with the experi-
mental data could be helpful to clear some smog on the
physics beyond the SM.
From experimental point of view, few years back,
LHCb measured the values of these angular observables
for the decay channel B → K∗(→ Kpi)µ+µ−. These
measurements found a 3.7σ deviation in the value of P ′5,
with 1 fb−1 luminosity in the s ∈ [4.30, 8.68] GeV2 bin
[3]. Recently, this discrepancy again seen at LHCb with
a 3σ deviation with 3 fb−1 luminosity in comparatively
two shorter adjacent bins s ∈ [4, 6] GeV2 [4] and s ∈ [6, 8]
GeV2 which is also confirmed by Belle in the larger bin
s ∈ [4, 8] GeV2 [6, 7]. The very recent results from AT-
LAS [8] and CMS [9, 10] collaborations, presented in
∗ishtiaqmusab@gmail.com
†abdur.rehman@fuw.edu.pl
Moriond 2017, are also confirmed this discrepancy. Fur-
thermore, LHCb also found 2.6σ deviation in the value
of RK = Br(B → Kµ+µ−)/Br(B → Ke+e−) [12], and
>∼ 2σ in the Br(Bs → φµ+µ−) [13]. Interestingly, all
these deviations belong to the flavor changing neutral
current (FCNC) transitions, b → s`+`−, where `− de-
notes the final state leptons.
The anomalies, mentioned above, are slowly piled up
and received a considerable attention in the literature
(see for instance [11, 14]). It is also important to men-
tion here that even the angular observables are form fac-
tor independent (FFI) but for precise theoretical predic-
tions, one needs to incorporate the factorizable and non-
factorizable QCD corrections. The factorizable correc-
tions absorb in the hadronic form factors while the non-
factorizable corrections arise from hard scattering of the
process and do not belong to the form factors. In this re-
spect, there are some studies which focus to the question
whether these anomalies emerge from unknown factor-
izable power corrections or from NP [15, 16]. However,
global fit analysis with present data, strongly pointed out
that the interpretation of mentioned anomalies through
the NP is a valid option [11]. In the present study, to
determine the values of angular observables, we have in-
cluded both type of corrections up to next-to-leading or-
der (NLO) and their expressions are given in Appendix
B.
From NP point of view, several extensions of the SM
have been put forwarded [17–25]. Among these, the Z ′
model is economical due to the fact that besides the
SM gauge group, it requires only one extra U(1)′ gauge
symmetry associated with a neutral gauge boson, called
Z ′. The nature of couplings of the Z ′ boson with the
quarks and leptons leads the FCNC transitions to the
tree level. In this model, the NP effects comes only
through the short distance Wilson coefficients which are
encapsulated in the new coefficients Ctot9 = C
SM
9 + C
Z′
9 ,
Ctot10 = C
SM
10 + C
Z′
10 , while operator basis remained un-
change.
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2Several previous studies shown a possible interpreta-
tion to alleviate the mismatch between the experimental
data of different observables for the decay B → K∗µ+µ−
and their SM predictions in terms of Z ′ model [26–31]
without any conflict. Therefore, it is natural to ask
whether the Z ′ model could explain the recently observed
anomalies in the angular observables of the decay chan-
nel B → K∗(→ Kpi)µ+µ−. With this motivation, in the
current study, we have analyzed the optimal observables
P1,2,3 and P
′
4,5,6, in the low dimuon mass region, for the
B → K∗(→ Kpi)µ+µ− in the SM and in the Z ′ model.
Besides these observables, we have also calculated the
violation of lepton flavor universality (LFU) observables
namely, Q4(5) = P
′µ
4(5) − P ′e4(5) [32]. For numerical cal-
culations of these observables, we have used the LCSR
values of the hadronic form factors [33] and for Z ′ pa-
rameters, we have used the Utfit collaboration values,
called as S1, S2 and another different scenario, called S3
which numerical values are listed in Tab. (V).
We would like to mention here that the considered
scenarios labeled as S1, S2 and S3 have same coupling
structure of the Z ′ boson with the quarks and the lep-
tons. However, the underlying difference between these
scenarios is related to the different fit values of parame-
ters such as new weak phase and couplings of Z ′ model,
for considered decay process, available in the literature.
For example, by using the all available experimental data
on Bs− B¯s mixing, Utfit collaboration has found two so-
lutions of new weak phase, φsb, that arises due to the
measurement ambiguities in the data and referred as S1
and S2. Similarly, another possible constraint on param-
eters of Z ′ model is discussed in [49] that, hereafter, we
label as S3.
This paper is organized as follows: Section II A, con-
tains the effective Hamiltonian for the b → s`+`− tran-
sition in the SM and in the Z ′ model. The B → K∗
matrix elements in terms of form factors and the expres-
sion of differential decay distributions are also given in
this section. Formulae for the angular observables in sec-
tion II B. In section III, we have plotted the angular ob-
servables and their average values against dimuon mass s
and we have given phenomenological analysis of these ob-
servables. In the last section we conclude our work. Ap-
pendix A contains the analytical expressions of the angu-
lar observables and the values of input parameters. The
contributions of factorizable and non-factorizable correc-
tions at NLO are summarized in Appendix B.
II. FORMULATION FOR THE ANALYSIS
A. Matrix Elements and Form Factors
In the standard model, FCNC transition, b → s`+`−,
occurs at loop level which amplitude can be written as,
MSM(b→ s`+`−) = − αGF
2
√
2pi
VtbV
∗
ts
×
{
〈K∗(pK∗ , )|s¯γµLb|B(pB)〉(Ceff9 ¯`γµ`+ CSM10 ¯`γµγ5`)
− 2mbCeff7 〈K∗(pK∗ , )|s¯iσµν
qν
q2
Rb|B(pB)〉 ¯`γµ`
}
, (1)
where L,R = (1 ∓ γ5), pK∗ and  are momentum and
polarization of K∗ meson, respectively, while pB is the
momentum of B meson.
In the presence of Z ′ the FCNC transitions could occur
at tree level and the Hamiltion can be written in the
following form (see detail in the refs. [34–37] )
HZ′eff = −
4GF√
2
VtbV
∗
ts
[
Λsb C
Z′
9 O9 + Λsb C
Z′
10O10
]
,
(2)
where, Λsb =
4pie−iφsb
αemVtbV ∗ts
, CZ
′
9 = |Bsb|SLR`` ,
and CZ
′
10 = |Bsb|DLR`` with,
SLR`` = BL`` + BR``, DLR`` = BL`` − BR``. (3)
The Bsb is the coupling of Z ′ with quarks and BL``, BR``
are left and right-handed couplings fo Z ′ with leptons.
One can notice from Eq. (3) that in the Z ′ model, oper-
ator basis remains the same as in the SM while Wilson
coefficients, C9 and C10, get modified. The total ampli-
tude for the decay B → K∗`+`− is the sum of SM and
Z ′ contributions, and can be written as follows,
Mtot(B → K∗`+`−) = − αGF
2
√
2pi
VtbV
∗
ts
×
{
〈K∗(pK∗ , )|s¯γµLb|B(pB)〉(Ctot9 ¯`γµ`+ Ctot10 ¯`γµγ5`)
−2mbCeff7 〈K∗(pK∗ , )|s¯iσµν q
ν
q2Rb|B(pB)〉¯`γµ`
}
, (4)
where Ctot9 = C
eff
9 + ΛsbC
Z′
9 and C
tot
10 = C
SM
10 + ΛsbC
Z′
10 .
The matrix elements for B → K∗ transition, appears
in Eq. (4), can be written in terms of form factors as
follows
〈K∗(pK∗ , )|s¯γµLb|B(pB)〉 = −iqµ 2mK
∗
s
∗ · q
×
[
A3(s)−A0(s)
]
− µνλσ∗νpλK∗qσ
2V (s)
(mB +mK∗)
+i∗µ(mB +mK∗)A1(s)
∓i(pB + pK∗)µ∗ · q A2(s)
(mB +mK∗)
,
3〈K∗(pK∗ , )|s¯iσµνqνRb|B(pB)〉 = 2µνλσ∗νpλK∗qσ T1(s)
+ i∗ · q
{
qµ − (pB + pK
∗)µs
(m2B −m2K∗)
}
T3(s)
+ i
{
∗µ(m
2
B −m2K∗)− (pB + pK∗)µ∗ · q
}
T2(s), (5)
where,
A3(s) =
mB +mK∗
2mK∗
A1(s)− mB −mK
∗
2mK∗
A2(s) . (6)
Here A0,1,2(s), V (s), T1,2,3(s) are the form factors and
contain hadronic uncertainties. At leading order by using
the heavy quark limit, the QCD form factors follow the
symmetry relations and can be expressed in terms of two
universal form factors ξ⊥ and ξ‖ [38, 39].
ξ⊥ =
mB
mB +mK∗
V,
ξ‖ =
mB +mK∗
2EK∗
A1 − mB −mK
∗
mB
A2. (7)
It is also important to mention here that the angular ob-
servables are soft form factor independent at LO in αs
(i.e., not totally dependent of FF). There is residual de-
pendence has been discussed, computed systematically
and included in the predictions of the main papers of
the field and even if, as expeted, does not play an im-
portant role induce certain mild dependence on FF. In
addition, for the s dependence of the universal form fac-
tors there are different parametrization [5], however, we
have analyzed that the choice of parametrization is not
so important at low s. In the current study, we use the
following parametrization of LCSR approach [33].
V (s) =
r1
1− s/m2R
+
r2
1− s/m2fit
, A1(s) =
r2
1− s/m2fit
,
A2(s) =
r1
1− s/m2fit
+
r2
(1− s/m2fit)2
, (8)
where the parameters r1,2, m
2
R and m
2
fit are listed in Tab.
(I). The uncertainty in the universal form factors ξ⊥ and
ξ‖ arises from the uncertainty in the different parameters
using in LCSR approach which is about 11% and 14%,
respectively, as discussed in [38]. At NLO, the relations
TABLE I: The values of the fit parameters involved in the cal-
culations of the form factors given in Eq. (8) [33].
r1 r2 m
2
R(GeV
2) m2fit(GeV
2)
V (s) 0.923 -0.511 28.30 49.40
A1(s) 0.290 40.38
A2(s) -0.084 0.342 52.00
between the Ti(s) where (i = 1, 2, 3) and the invariant
amplitudes T⊥,‖(s), where T⊥,‖ = T −⊥,‖, read as [40].
T1(s) = T⊥, T2(s) = 2EK
∗
mB
T⊥, T3(s) = T⊥ + T‖,
(9)
where EK∗ = (m2B +m2K∗−s)/2mB is the energy of kaon
in the rest frame of B-meson and T⊥,‖(s) are defined in
Eq. (B4) of Appendix B.
The four-fold differential decay distribution for the cas-
cade decay B → K∗(→ Kpi)`+`− is completely described
by the four independent kinematical variables: the three
angles; θK∗ is the angle between the K and B mesons
in the rest frame of K∗, θ` is the angle between lepton
and B meson in the dilepton rest frame while φ is the
azimuthal angle between the dilepton rest frame and K∗
rest frame and the fourth variable is dilepton invariant
squared mass s. The explicit dependence of differential
decay distribution on these kinematical variables can be
expressed as follows
d4Γ
ds d cos θ` d cos θK∗dφ
=
9
32pi
Γ˜ (s, θ`, θK∗ , φ) , (10)
where
Γ˜ (s, θ`, θK∗ , φ) =
Js1 sin
2 θK∗ + J
c
1 cos
2 θK∗ +
(
Js2 sin
2 θK∗ + J
c
2 cos
2 θK∗
)
cos 2θ`
+J3 sin
2 θK∗ sin
2 θ` cos 2φ+ J4 sin 2θK∗ sin 2θ` cosφ
+J5 sin 2θK∗ sin θ` cosφ+ (J
s
6 sin
2 θK∗ + J
c
6 cos
2 θK∗ ) cos θ`
+J7 sin 2θK∗ sin θ` sinφ+ J8 sin 2θK∗ sin 2θ` sinφ
+J9 sin
2 θK∗ sin
2 θ` sin 2φ . (11)
The full physical region phase space of kinematical vari-
ables is given by
4m2` 6 s 6 (mB −mK∗)2 , 0 6 θ` 6 pi,
0 6 θK∗ 6 pi, 0 6 φ 6 2pi, (12)
where mB , mK∗ , m` are the masses of B meson, K
∗
meson and lepton, respectively.
The expressions of coefficients J
(a)
i = J
(a)
i (s) for i =
1, ...., 9 and a = s, c as a function of the dilepton mass s,
are given in Appendix A in Eq. (A1). As we do not take
the scalar contribution in this study, therefore, Jc6 = 0.
B. Expressions of the Angular Observables
The definitions of FFI angular observables (optimal
observables) are given in ref. [14],
P1(s) =
J3
2Js2
, P2(s) = β`
Js6
8Js2
, P3(s) = − J9
4Js2
,
P4(s) =
√
2J4√−Jc2(2Js2 − J3) , P5(s) = β`J5√−2Jc2(2Js2 + J3) ,
P6(s) = − β`J7√−2Jc2(2Js2 − J3) . (13)
The primed observables (related to the Pi (i = 4, 5, 6))
which are simpler and more efficient to fit experimentally
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FIG. 1: The dependence of the optimal observables, P1,2,3 and 〈P1,2,3〉 for the decay B → K∗(→ Kpi)l+l− on s. The black dashed
line correspond to the SM while green, blue and red bands correspond to the S1, S2 and S3 scenarios of the Z′ model, respectively.
are defined as,
P ′4 ≡ P4
√
1− P1 = J4√−Jc2Js2 ,
P ′5 ≡ P5
√
1 + P1 =
J5
2
√−Jc2Js2 ,
P ′6 ≡ P6
√
1− P1 = −J7
2
√−Jc2Js2 . (14)
III. RESULTS AND DISCUSSION
In this section, we will present the numerical analysis of
the angular observables. The authors would like to men-
tion here that all of the numerical results are taken from
the self-written Mathematica code. Before the analysis,
we would like to write the different definitions of angular
observables that are opted by LHCb [4] and theoretically
used in the literature,
P exp2 = −P2, P exp3 = −P3, P ′exp4 = −
1
2
P ′4,
P ′exp6 = −P ′6, P exp1 = P1, P ′exp5 = P ′5. (15)
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FIG. 2: The dependence of the optimal observables, P ′4,5,6 and 〈P ′4,5,6〉 for the decay B → K∗(→ Kpi)l+l− on s, the legends are
same as in Fig. (1).
For the numerical analysis the values of LCSR form
factors, and relevant fit parameters are listed in Tab. (I).
The values of Wilson coefficients and other input param-
eters are listed in Appendix A in Tabs. (IV) and (VI), re-
spectively. Regarding the coupling parameters of Z ′ with
quarks and leptons, there are some severe constraints
come from different inclusive and exclusive B− meson
channels [42]. Particularly, coming from the two differ-
ent fitting values for Bs − B¯s mixing data by the UTFit
collaboration[43]. In this study, we call these two fitting
values as S1 and S2 and their numerical values are listed
in Tab.(V). We have considered another scenario which
denoted by S3 in the present study that are obtained from
the analysis of B → Xsµ+µ− [45], B → K∗µ+µ− [46, 47]
and B → µ+µ− [48]. The numerical values of scenario
S3 are chosen from [44, 49] and also listed in the Tab.
(V). The purpose of the following analysis is to check that
these constrained of Z ′ parameters could accomodate the
anomalies in the angular observables, particularly, in P ′5.
A. P -observables in different bin size
The numerical values of angular observables in differ-
ent low s bins in SM and in S1, S2 and S3 are given in
Tab. (II). For comparison with experimental measure-
ments, the maximum likelihood fit results of LHCb [4]
are also given in the table. The ranges in the values of
6-10 -5 0 5 101.0
1.5
2.0
2.5
3.0
3.5
4.0
BℓℓL
B
ℓℓR
FIG. 3: Gray dots represent the left (right) couplings, (BL``,
BR``), of Z
′ with leptons in S1 while the red dots show the
values of these couplings after accommodating the P ′5 anomaly
in the s ∈ [4.0, 6.0] GeV2
angular observables in S1, S2 and S3 is found by set-
ting the upper and lower values of parametric space of
these scenarios. These results are also shown graphically
in Figs. (1) and (2) where black crosses are the data
points taken from the last column of Tab. (II) and black
dashed line correspond to the SM while green, red and
blue bands correspond to the S1, S2 and S3 scenarios of
the Z ′ model, respectively. The upper curve of the band
corresponds the upper values of parametric space while
the lower curve of the band corresponds the lower val-
ues of parametric space of the scenario. In our different
bin sized analysis, we have not included the preliminary
results from Belle [6, 7], ATLAS [8] and CMS1[9, 10] be-
cause their bin intervals are different from LHCb [4] that
we have discussed in this section. In Fig. (1), the gray
shaded region corresponds to the uncertainty in the SM
values due to the uncertainty in different input parame-
ters. One can see from the left panel of Figs. (1) and (2)
that the uncertainty band in SM not preclude the effects
of Z ′ model. Therefore, we have not provided the SM
uncertainty in Tab. (II) and hence in the right panel of
Figs. (1) and (2).
The plots in first and third rows of Fig. (1), represent
the variation in the values of P1,3 and their average values
〈P1,3〉 as a function of s in the SM and in the different
scenarios of Z ′ model. From these graphs one can see
that the values of these observables are quite small in
the SM and not much enhanced when we incorporate the
Z ′ effects. One can also see from Fig. (1) that the SM
values of 〈P1〉 lie inside the measured values. As the error
in the measurement is huge, therefore, no potent result
can be drawn from this observable with the current data.
On the other hand the values of 〈P3〉 in last two bins are
within the measured values while in first two bins the
SM values are out of the measured bars. However, to say
1 see figure 6 of [11] for the recent analysis with these new results.
something about any discrepancy in these observables,
reduction in the experimental uncertainties are required.
Plots in second row of Fig. (1), show the variation
in the values of P2 and its average 〈P2〉 against dilep-
ton mass s. It could be seen from these figures that the
values of these observables are significantly influenced in
the presence of Z ′ effects. The right plot in the second
row of Fig. (1) shows that the SM values of 〈P2〉 in the
bins s ∈ [1.1, 2.5] and s ∈ [2.5, 4.0] lie within the mea-
surements and also in the bin s ∈ [4.0, 6, 0] when the the-
oretical uncertainties of the input parameters are taken
into account. However, in the first bin s ∈ [0.1, 0.98], the
SM value of 〈P2〉 looks mismatch from the experimental
value. But it is worthy to mention here that the measure-
ment performed by LHCb in this bin is without including
the m`− suppressed terms which are important at very
low s region and it was found in [41], that the impact
of these terms is about 23% reduction in the value of
〈P2〉. Regarding this, it is mentioned in [15] that in the
first bin, LHCb actually measured 〈Pˆ2〉 instead of 〈P2〉.
Therefore, in principle, one could say that, up-till now,
there is no mismatch between the SM predicted values of
〈P2〉 with the experimental values.
In the first row of Fig. (2), we have displayed P ′4 and
it’s average value, 〈P ′4〉, in the SM and in the different
scenarios of Z ′ model as a function of s. One can see
from these plots that the Z ′ effects are quite significant
in the P ′4 values at low s region but mild at larger values
of s. However, the SM values of 〈P ′4〉 in all four bins lie
inside the measured values.
The results of P ′5 and it’s average value 〈P ′5〉 in the SM
and in the Z ′ models are presented in the second row of
Figs. (2). The values are significantly changed from the
SM values when we incorporate the Z ′ effects. It can
be noticed in the bin s = 4 to 6 GeV2, the SM average
value 〈P ′5〉 mismatch with the experimental values and
as mentioned in the introduction that LHCb found 3σ
deviation in this bin. It could be seen from the figure
that this discrepancy can be alleviated by S3 (red band)
of Z ′ model. On the other hand for the Utfit scenarios,
namely, S1 and S2 it can be noticed that when we take
the upper and lower limit values of the current paramet-
ric space of these scenarios (green and blue bands), the
P ′5 anomaly in the bin s ∈ [4, 6]GeV2 can not be accom-
modated. However, if the values of different parameters
are chosen randomly within the allowed range then one
could accommodate the P ′5 anomaly in this bin by S1 but
not with S2. Therefore, it looks that the S2 of Utfit is
not consistent with the present data while the parametric
space of S1, the left (right) couplings, (BL``, BR``), of Z ′
with leptons is severely constraint as shown in Fig. (3).
In the third row of Fig. (2), we have shown the varia-
tion of P ′6 and 〈P ′6〉 as a function of s. Similar to P1,3, the
SM value of this observable is also suppressed. As seen
from the graph that SM value of P ′6 consistent with the
data with large error bars, however there is 2σ deviation
in one bin s ∈ [1.1, 2.5] which probably will be disappear
when data will increase. One can also notice that in con-
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FIG. 4: Optimal observables for s ∈ [1.0, 6.0] GeV2 where, magenta [6] and yellow [7] error bars correspond to Belle measurements
available for some of these observables. The empty red box in 〈P2〉 and 〈P ′6〉 represents the S3 when we choose φsb = −150 ± 10
given in Tab. V of Appendix B. Other legends are same as in Figs. (1) and (2).
trast to the P1,3, the value of P
′
6 significantly enhanced
in the Z ′ model. It is also noticed that in the Z ′ model
the value of P ′6 is positive in scenarios S1 and S2 while
becomes negative in S3. As for the present analysis in
S3, we set the value of φsb = 150±10, in contrast to this,
if we choose φsb = −150 ± 10 which is also allowed (see
Tab. (V)), then this negative value becomes positive.
B. P -observables in s ∈ [1.0, 6.0] GeV2
Besides the analysis of angular observables in shorter
bins at low s region (discussed in previous section), we
have also analyzed these observables in the full s ∈
[1.0, 6.0] GeV2 region. The results for P -observables in
s ∈ [1.0, 6.0] GeV2 are summarized in Tab. (III) and
corresponding plots are shown in Fig. (4). In this figure,
black error bar corresponds to LHCb result [4] while, ma-
genta and yellow error bars correspond to Belle measure-
ments for some of these observables [6, 7]. However, it is
8TABLE II: Results for 〈P 〉-observables and their comparison with maximum likelihood fit results of ref. [4] in different bin size.
Obs. SM Prediction S1 S2 S3 Measurement [4]
0.1 < s < 0.98
GeV2
〈P1〉 −0.002 −0.002↔ −0.008 −0.002↔ −0.002 −0.002↔ −0.009 −0.099+0.168−0.163 ± 0.014
〈P2〉 −0.106 −0.134↔ −0.113 −0.116↔ −0.102 0.042↔ −0.059 −0.003+0.051−0.052 ± 0.007
〈P3〉 −0.0001 0.000↔ −0.0002 −0.000↔ −0.001 −0.000↔ −0.0001 0.113+0.079−0.079 ± 0.006
〈P ′4〉 0.267 0.175↔ 0.155 0.230↔ 0.171 0.405↔ 0.380 0.185+0.158−0.154 ± 0.023
〈P ′5〉 0.740 0.747↔ 0.473 0.712↔ 0.497 −0.209↔ 0.424 0.387+0.132−0.133 ± 0.052
〈P ′6〉 −0.158 −0.447↔ −0.585 −0.384↔ −0.566 0.466↔ 0.400 0.034+0.134−0.135 ± 0.015
1.1 < s < 2.5
GeV2
〈P1〉 −0.007 −0.008↔ −0.008 −0.007↔ −0.008 −0.006↔ −0.006 −0.415+0.519−0.636 ± 0.038
〈P2〉 −0.433 −0.417↔ −0.161 −0.406↔ −0.187 0.097↔ −0.347 −0.373+0.146−0.199 ± 0.027
〈P3〉 0.0001 −0.000↔ 0.001 0.000↔ 0.001 0.001↔ 0.001 0.350+0.330−0.254 ± 0.015
〈P ′4〉 0.023 −0.113↔ −0.173 −0.040↔ −0.13 0.170↔ 0.200 −0.163+0.232−0.240 ± 0.021
〈P ′5〉 0.225 0.275↔ −0.208 0.211↔ −0.141 0.249↔ 0.160 0.289+0.220−0.202 ± 0.023
〈P ′6〉 −0.078 −0.432↔ −0.533 −0.400↔ −0.536 0.689↔ 0.520 −0.463+0.202−0.221 ± 0.012
2.5 < s < 4.0
GeV2
〈P1〉 -0.023 −0.025↔ −0.026 −0.024↔ −0.025 −0.032↔ −0.024 0.571+2.404−1.714 ± 0.045
〈P2〉 −0.228 −0.215↔ 0.154 −0.188↔ 0.110 −0.341↔ −0.280 −0.636+0.444−1.735 ± 0.015
〈P3〉 0.001 −0.000↔ 0.002 0.001↔ 0.002 0.004↔ 0.004 0.745+2.587−0.861 ± 0.030
〈P ′4〉 −0.282 −0.355↔ −0.394 −0.320↔ −0.371 −0.314↔ −0.205 −0.713+0.410−1.305 ± 0.024
〈P ′5〉 −0.400 −0.204↔ −0.667 −0.339↔ −0.628 0.722↔ −0.294 −0.066+0.343−0.364 ± 0.023
〈P ′6〉 −0.066 −0.313↔ −0.350 −0.309↔ −0.372 0.568↔ 0.508 0.205+0.962−0.341 ± 0.013
4.0 < s < 6.0
GeV2
〈P1〉 -0.055 −0.053↔ −0.053 −0.054↔ −0.053 −0.064↔ −0.062 0.180+0.364−0.348 ± 0.0.027
〈P2〉 0.206 0.088↔ 0.357 0.170↔ 0.341 −0.407↔ 0.146 0.042+0.088−0.087 ± 0.011
〈P3〉 0.001 −0.000↔ 0.003 0.000↔ 0.003 0.003↔ 0.004 0.083+0.187−0.184 ± 0.023
〈P ′4〉 −0.443 −0.460↔ −0.472 −0.452↔ −0.465 −0.477↔ −0.446 −0.448+0.169−0.172 ± 0.020
〈P ′5〉 −0.761 −0.492↔ −0.837 −0.653↔ −0.829 0.682↔ −0.514 −0.300+0.158−0.159 ± 0.023
〈P ′6〉 −0.036 −0.182↔ −0.198 −0.178↔ −0.214 0.249↔ 0.268 −0.032+0.167−0.166 ± 0.007
good to mention here that LHCb results are in the bin
s ∈ [1.1, 6.0] GeV2 while Belle measurements [6, 7] are
in the s ∈ [1.0, 6.0] GeV2. In addition, recently, the AT-
LAS collaboration announced its results for s ∈ [0.04, 6.0]
GeV2 [8] which is not included in the current analysis.
The empty red boxes in the plots of 〈P2〉 and 〈P ′6〉 rep-
resent the S3 scenario when we choose φsb = −150± 10,
while, other legends are same as in Figs. (1) and (2).
From Fig. (4), one can immediately notice that the
values of 〈P1〉 and 〈P ′4〉 in the SM and in all the three
scenarios of Z ′ lie within the current measurements, how-
ever, the error bars are huge. Therefore, to extract any
information about the NP requires the precise measure-
ment of these observables. It is also noticed that the
values of 〈P1〉 in the SM and in the Z ′ scenarios are very
close, consequently, this observable even after the reduc-
tion of error bars not a good candidate to constrained the
Z ′ parametric space. On the other hand 〈P ′4〉 could be
helpful to constraint the Z ′ parametric space, if any mis-
match will appear in future in the bin [1,6] GeV2. The
SM value of 〈P3〉 is small and not enhanced in Z ′ model.
However, the measured value is well above the SM pre-
diction with huge error bars and need precision to draw
any conclusion from this observable as well. From graph
of 〈P2〉 in Fig. (4), one can deduced that the SM value
of 〈P2〉 not lie within the measured value of LHCb. How-
ever, the values of 〈P2〉 in S1 and S2 are within the mea-
surements while in S3, the value is out side the measured
error bars. For 〈P ′6〉, we have two different measurements
as shown in the plot and contrast to the 〈P2〉, the value
of 〈P ′6〉 lie within these measurements. However, similar
to 〈P2〉 the values of 〈P ′6〉 in S1 and S2 lie within the
measurements while the value in S3 lies outside the mea-
sured values (see red bands in both plots). Regarding S3,
it is interesting to check whether the values of 〈P2〉 and
〈P ′6〉 could be reduced to current measurements. For this
purpose, we choose the weak phase with opposite sign
i.e., φsb = −150 ± 10 (see Tab. V in Appendix A) and
represent them in plots by empty red boxes. In Fig. 4,
by looking the empty red box in 〈P2〉 plot, the value is
reduced but still well above the current measurement. In
contrast, the value of 〈P ′6〉 reduce to the Belle measure-
ments [6]. However, more statistics on the observables
〈P2〉 and 〈P ′6〉 are helpful to constrained the Z ′ param-
9eters, particularly, the sign and the magnitude of new
weak phase φsb.
For 〈P ′5〉 plots of Fig. (III), the values in the SM and
in S1, S2 lie out side the error bars of experimental data
points while the values in the S3 well inside the all data
points shown in figure. In general, from the plots of Fig.
(III), one concludes that the considered model do have
potential to remove mismatch between theory and ex-
periment but it is not so conclusive at present. We hope
more precise measurements will clear the situation.
C. Q4,5 for s ∈ [1.0, 6.0] GeV2
In Fig. (5), we have plotted the lepton flavor uni-
versality violation (LFUV) observables 〈Q4(5)〉 against
s. The values are quite small in the SM approximately
〈Q4(5)〉 = 8.8 ± 2.1 × 10−3(7.5 ± 3.6 × 10−3) in the bin
s ∈ [1, 6]GeV2. We have also found that the effects of Z ′
are negligible. This fact is trivial, since Eq. (3) implies
CZ
′,µ
9,10 = C
Z′,e
9,10 . However, error bars are quite large and
need more experimental data to find the accurate values
of these observables.
IV. CONCLUSION
In the present study, we have calculated the angular
observables Pi and their average values 〈Pi〉 in the SM
and in the noun-universal family of Z ′ model for the de-
cay channel B → K∗(→ Kpi)`+`−. The expressions of
the angular observables are given in the form of coeffi-
cient Ji(s) which are written in terms of auxiliary func-
tions gi(hi) in Eq. (A1). As in the literature, these
Ji(s) coefficients, in general, expressed via transversity
amplitudes, A⊥, A‖ and A0, so the relations of these
transversity amplitudes with auxiliary function gi(hi) are
also given in Eq. (A4). To see the Z ′ effects on these
observables, we have used the UtFit collaboration con-
straints for the Z ′ parameters, called as scenarios S1 and
S2. Besides, we also consider another scenario, called S3,
in the present study. From the present analysis, in all
three scenarios of Z ′ for small values of s i.e the large
recoil region, the values of angular observables are sig-
nificantly changed from their SM values. The current
analysis shown that except the sceanario S1, the sce-
narios S2 and S3 of Z ′ model has potential to accom-
modate the mismatch between the recent experimental
measurements and the SM values of some of the angular
observables in some bins of s. For instance, there is a
discrepancy between experimentally measured value and
SM value of P ′5 in the region s ∈ [4, 6] GeV2 and in the
current study it is found that scenario S3 of Z ′ could be
adjusted this mismatch value with the measured value in
this bin. On the other hand, this mismatch can not be
accommodated on taking the maximum and minimum
values of different parameters of scenarios S1 and S2 of
UtFit collaborations. However, when we choose the ran-
dom values of different parameters in the allowed region
of these scenarios, one can accommodate the P ′5 anomaly
with scenario S2 but not with scenario S1. It is also no-
ticed that the P ′5 anomaly further constraint on the al-
lowed parametric space of S2. Furthermore, we have also
calculated the angular observables 〈Pi〉 and the LFUV
observables 〈Q4,5〉 in the large bin s ∈ [1, 6] and plotted
with the measured data, however, the error bar is quite
large in this bin and more static is needed to draw results.
Here, we would like to comment that CMS and ATLAS
collaborations recently announced preliminary results on
angular observables in Moriond 2017 which still show the
tension between experimental measurements and the SM
predictions. Therefore, in general, one can say, as data
will be enlarge and the statistical error will be reduced
then these observables are quite promising to say some-
thing about the constraints on coupling of Z ′ boson with
the quarks and leptons and consequently about the sta-
tus of Z ′ model.
Appendix A
The expressions of Ji appeared in Eqs. (13) and (14)
are as follows,
Js1 =
3sβ2`
2
[
p2K∗s
(|g1|2 + |h1|2)+ |g2|2 + |h2|2]
+
8m2`
s
(p2K∗s|h1|2 + |h2|2),
Jc1 =
2
m2K∗
[
32 a20 C
tot2
10 m
2
K∗m
2
`p
2
K∗ + β
2
` s|EK∗g2
+ 2
√
sp2K∗g3|2 +
(
2− β2`
)
s|EK∗h2 + 2
√
sp2K∗h3|2
]
,
Js2 =
1
2
sβ2`
[
P 2K∗s
(|g1|2 + |h1|2)+ |g2|2 + |h2|2],
Jc2 = −
2β2` s
m2K∗
[
|EK∗g2 + 2
√
sp2K∗g3|2 + |EK∗h2
+2
√
sp2K∗h3|2
]
,
10
1 2 3 4 5 6
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
sHGeV2L
<
Q
4
>
1 2 3 4 5 6
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
sHGeV2L
<
Q
5
>
FIG. 5: Optimal observables Q4, Q5 for s ∈ [1.00, 6.00] GeV2 where, yellow error bar corresponds to recent Belle measurements [7].
Other legends are same as in previous figures.
TABLE III: Results for 〈P 〉-observables for s ∈ [1.0, 6.0] GeV2 and their comparison with LHCb maximum likelihood fit results of
ref. [4] in different bin size, Belle results [6, 7].
Obs. SM Prediction S1 S2 S3 Measurement
〈P1〉 -0.033±0.001 −0.032↔ −0.034 −0.033↔ −0.033 −0.039↔ −0.036 0.080+0.248−0.245 ± 0.044 [4]
〈P2〉 0.091± 0.033 0.133↔ −0.162 0.087↔ −0.135 0.254↔ 0.106 −0.162+0.072−0.073 ± 0.010 [4]
〈P3〉 0.001± 0.000 −0.000↔ 0.002 0.000↔ 0.002 0.003↔ 0.003 0.205+0.135−0.134 ± 0.017 [4]
〈P ′4〉 −0.264± 0.014 −0.333↔ −0.368 −0.298↔ −0.347 −0.195↔ −0.256 −0.336+0.124−0.122 ± 0.12 [4]
−0.095+0.302−0.309 ± 0.174 [6]
−0.22+0.35−0.34 ± 0.15 [7]
〈P ′5〉 −0.378± 0.051 −0.197↔ −0.617 −0.322↔ −0.583 0.572↔ −0.260 −0.049+0.107−0.108 ± 0.014 [4]
0.385+0.276−0.285 ± 0.099 [6]
0.43+0.26−0.28 ± 0.10 [7]
〈P ′6〉 −0.056±−0.000 −0.287↔ −0.330 −0.276↔ −0.345 0.452↔ 0.403 −0.166+0.108−0.108 ± 0.021 [4]
−0.202+0.278−0.270 ± 0.172 [6]
J3 = sβ
2
`
[
p2K∗s
(|g1|2 + |h1|2)− |g2|2 − |h2|2],
J4 =
√
2sβ2`
mK∗
[
EK∗
(|g2|2 + |h2|2)
+p2K∗ (s)
1/2
2Re(g2g∗3 + h2h∗3)
]
,
J5 = −
√
8pK∗ (s)
3/2
β`
mK∗
[
EK∗Re(g1h∗2 + g2h∗1)
+2p2K∗s
1/2Re(g1h∗3 + g3h∗1)
]
,
Js6 = −4pK∗ (s)3/2 β`
[
Re(g1h∗2 + g2h∗1)
]
,
J7 =
√
32p2K∗ (s)
3/2
β`
mK∗
[
Im(g2h∗3 + g∗3h2)
]
,
J8 =
√
2pK∗ (s)
3/2
β2`
mK∗
[
EK∗Im(g∗1g2 + h∗1h2)
+2p2K∗s
1/2Im(g∗1g3 + h∗1h3)
]
,
J9 = 2pK∗ (s)
3/2
β2`
[
Im(g1g∗2 + h2h∗1)
]
, (A1)
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where gi(hi), i = 1, · · · , 3 are the auxiliary functions and
given as follows,
h1 =
4mb
s
T⊥ + 2
MB +mK∗
Ctot9 V (s),
g1 =
2
MB +mK∗
Ctot10 V (s),
h2 = −(MB +mK∗)Ctot9 A1(s)
−4mb
(
m2B −m2K∗
)
s
EK∗
MB
T⊥,
g2 = −(MB +mK∗)A1(s)Ctot10 ,
h3 =
A2
MB +mK∗
Ctot9
+
2mb
s
[
s(T⊥ + T‖)
m2B −m2K∗
+
2EK∗
MB
T⊥
]
,
g3 =
A2
MB +mK∗
Ctot10 , (A2)
EK∗ =
m2B −m2K∗ − s
2
√
s
, pK∗ =
√
E2K∗ −m2K∗ ,
β` =
√
1− 4m
2
`
s
, (A3)
and a0 =
EK∗
mK∗
ξ‖
∆‖
where ∆‖ is given in Appendix B in
Eq. (B1).
Traditionally, the J ’s are given in terms of transversity
amplitudes but we have written in terms of gi(hi) func-
tions given in Eq. (A2) A0,‖,⊥. The A0,‖,⊥ are related
with gi(hi) as follows
AL,R0 =
N
mK∗
[
Ek∗(h2 ∓ g2) + 2p2k∗
√
s(h3 ∓ g3)
]
,
AL,R‖ =
√
2N [h2 ∓ g2], AL,R⊥ = √2sNpk∗[h1 ∓ g1],
(A4)
where N = αGF |VtbV ∗ts|
√
s β` pK∗
3·210pi5m3B
. We would like to
mention here that our expressions of J ’s are consistent
with the literature for example given in refs. [14, 50].
The values of Wilson coefficients at NNLO, Z ′ param-
eters and other input parameters are listed in Tabs. (IV),
(V) and (VI), respectively.
Appendix B
The expression of ∆‖, appear in the definition of a0
below Eq. (A3), written as follows
∆‖(s) = 1 +
αsCF
4pi
[(2L− 2)
− 2s
E2K∗
pi2fBfK∗‖λ
−1
B+
NcmB(EK∗/mK∗)ξ‖(s)
∫ 1
0
du
u¯
ΦK¯∗,‖
]
,
(B1)
and contributes only for massive leptons. The light-cone
distribution amplitude (LCDA) ΦK¯∗,a for transversely
(a =⊥) and longitudinally (a =‖) polarized K∗ can be
written as [40, 51]
ΦK¯∗,a = 6u (1− u) {1 + a1
(
K¯∗
)
a
C
(3/2)
1 (2u− 1)
+a2
(
K¯∗
)
a
C
(3/2)
2 (2u− 1)} , (B2)
where L = −(m2b − s)/s ln
(
1− s/m2b
)
and ai
(
K¯∗
)
a
are
the Gegenbauer coefficients. The moments are
λ−1B,+ =
∫ ∞
0
dω
ΦB,+ (ω)
ω
,
λ−1B,− =
∫ ∞
0
dω
ΦB,− (ω)
ω − s/mB − i
where ΦB,± are the two B-meson light-cone distribution
amplitudes [40]. The λ−1B,− (s) can be expressed as:
λ−1B,− (s) =
e−s/(mBω0)
ω0
[−Ei (s/mBω0) + ipi] ,
where ω0 = 2(mB −mb). The ξa are the universal form
factors,
ξ⊥ =
mB
mB +mK∗
V
ξ‖ =
mB +mK∗
2EK∗
A1− mB −mK∗
mB
A2. (B3)
The B → K∗ matrix elements in heavy quark limit
depend on four independent functions T ±a (a =⊥, ‖). In
the low s, (1.0 < s < 6.0 GeV2), the invariant amplitudes
T⊥,‖ at NLO within QCDf are given in [38, 40, 50],
Ta = ξaCa + pi
2
Nc
fBfK∗,a
mB
Ξa
∑
±
∫
dω
ω
×ΦB,± (ω)
∫ 1
0
duΦK∗,a (u)Ta,± (u, ω) ,(B4)
where Ξ⊥ ≡ 1, Ξ‖ ≡ mK∗/EK∗ and the factorization
scale µf =
√
mbΛQCD. The coefficient functions Ca and
hard scattering functions Ta,± are written as
Ca = C
(0)
a +
αs (µb)CF
4pi
C(1)a
Ta,± = T
(0)
a,± (u, ω) +
αs (µf )CF
4pi
T
(1)
a,± (u, ω) . (B5)
The form factor terms C
(0)
a at LO are
C
(0)
⊥ = C
eff
7 +
s
2mbmB
Y (s) , and C
(0)
‖ = −Ceff7 −
mB
2mb
Y (s) .
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TABLE IV: Values of Wilson coefficients at µb = 4 · 8.
C1(µb) C2(µb) C3(µb) C4(µb) C5(µb) C6(µb) C
eff
7 (µb) C
eff
8 (µb) C9(µb) C10(µb)
-0.2632 1.0111 -0.0055 -0.0806 0.0004 0.0009 -0.2923 -0.1663 4.0749 -4.3085
TABLE V: The numerical values of the Z′ parameters [42, 43].
|Bsb| × 10−3 φsb(Degree) SLR`` × 10−2 DLR`` × 10−2
S1 1.09± 0.22 −72± 7 −2.8± 3.9 −6.7± 2.6
S2 2.20± 0.15 −82± 4 −1.2± 1.4 −2.5± 0.9
S3 4.0± 1.5 150± 10 or (−150± 10) 0.8 −2.6
Y (s) = h(s,mc)
(
4
3
C1 + C2 + 6C3 + 60C5
)
− 1
2
h(s,mpoleb )
(
7C3 +
4
3
C4 + 76C5 +
64
3
C6
)
− 1
2
h(s, 0)
(
C3 +
4
3
C4 + 16C5 +
64
3
C6
)
+
4
3
C4 +
64
9
C5 +
64
27
C6,
where h(s,mq) is well-known fermionic loop function.
The coefficients C
(1)
a at NLO is divided into a factorizable
and a non-factorizable part as
C(1)a = C
(f)
a + C
(nf)
a . (B6)
At NLO the factorizable correction reads [40, 52]
C
(f)
⊥ = C
eff
7
(
ln
m2b
µ2
− L+ ∆M
)
C
(f)
‖ = −Ceff7
(
ln
m2b
µ2
+ 2L+ ∆M
)
.
The non-factorizable corrections are,
CFC
(nf)
⊥ = −C¯2F
(7)
2 − Ceff8 F (7)8
− s
2mbmB
[
C¯2F
(9)
2 + 2C¯1
(
F
(9)
1 +
1
6
F
(9)
2
)
+ Ceff8 F
(9)
8
]
,
CFC
(nf)
‖ = C¯2F
(7)
2 + C
eff
8 F
(7)
8
+
mB
2mb
[
C¯2F
(9)
2 + 2C¯1
(
F
(9)
1 +
1
6
F
(9)
2
)
+ Ceff8 F
(9)
8
]
,
where ∆M depends on the mass renormalization conven-
tion for mb. These corrections are obtained from the ma-
trix elements of four-quark and chromomagnetic dipole
operators [40] that are embedded in F
(7,9)
1,2 and F
(7,9)
8
[53, 54].
At LO the hard-spectator scattering term T
(0)
a,± (u, ω)
from weak annihilation diagram is [40]
T
(0)
⊥,+ (u, ω) = T
(0)
⊥,− (u, ω) = T
(0)
‖,+ (u, ω) = 0 ,
T
(0)
‖,− (u, ω) = −eq
mBω
mBω − s− i
4mB
mb
(
C¯3 + 3C¯4
)
.
The contributions to T
(1)
a at NLO also contain a factor-
izable as well as non-factorizable part
T (1)a = T
(f)
a + T
(nf)
a . (B7)
IncludingO (αs) corrections the factorizable term to T (1)a,±
are given by [40, 52]
T
(f)
⊥,+ (u, ω) = C
eff
7
2mB
u¯EK∗
, T
(f)
‖,+ (u, ω) = C
eff
7
4mB
u¯EK∗
T
(f)
⊥,− (u, ω) = T
(f)
‖,− (u, ω) = 0 ,
where u¯ = 1− u. The non-factorizable correction comes
through the matrix elements of four-quark operators and
the chromomagnetic dipole operator
T
(nf)
⊥,+ (u, ω) = −
4edC
eff
8
u+ u¯s/m2B
+
mB
2mb
[eut⊥ (u,mc)
(
C¯2 + C¯4 − C¯6
)
+ edt⊥ (u,mb)
(
C¯3 + C¯4 − C¯6 − 4mb/mBC¯5
)
+ edt⊥ (u, 0) C¯3],
T
(nf)
⊥,− (u, ω) = 0 ,
T
(nf)
‖,+ (u, ω) =
mB
mb
[eut‖ (u,mc)
(
C¯2 + C¯4 − C¯6
)
+ edt‖ (u,mb)
(
C¯3 + C¯4 − C¯6
)
+ edt‖ (u, 0) C¯3] ,
T
(nf)
‖,− (u, ω) = eq
mBω
mBω − s− i
[
8Ceff8
u¯+ us/m2B
+
6mB
mb
(
h
(
u¯m2B + us,mc
) (
C¯2 + C¯4 + C¯6
)
+ h
(
u¯m2B + us,m
pole
b
) (
C¯3 + C¯4 + C¯6
)
+ h
(
u¯m2B + us, 0
) (
C¯3 + 3C¯4 + 3C¯6
)
− 8
27
(
C¯3 − C¯5 − 15C¯6
))]
.
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TABLE VI: Values of input parameters.
αem(MZ) = 1/128.940 [55] αs(MZ) = 0.1184± 0.0007 [56]
me = 0.51099× 10−3 GeV [56] mµ = 0.10565837 GeV [56]
mB = 5.27950 GeV [56] mK∗ = 0.89594 GeV [56]
m1Sb = 4.68± 0.03 GeV [57] ms = 0.095± 0.005 GeV [56]
mMSc (mc) = 1.27± 0.09 GeV [56]
|Vtb| = 0.999139± 0.000045 [56] |Vts| = (40.5± 0.11) · 10−3 [56]
fB = 194± 10 MeV [60] λB = 460± 110 MeV [59]
fK∗,|| = 220± 5 MeV [58] fK∗,⊥ = 185± 9 MeV [58]
a1,|| = 0.03± 0.03 [33] a2,|| = 0.08± 0.06 [33]
a1,⊥ = 0.03± 0.03 [33] a2,⊥ = 0.08± 0.06 [33]
The ta (u,mq) functions are given by
t⊥ (u,mq) =
2mB
u¯EK∗
I1 (mq) +
s
u¯2E2K∗
× (B0 (u¯m2B + us,mq)−B0 (s,mq)) ,
t‖ (u,mq) =
2mB
u¯EK∗
I1 (mq) +
u¯m2B + us
u¯2E2K∗
× (B0 (u¯m2B + us,mq)−B0 (s,mq)) ,
where B0 and I1 are
B0 (s,mq) = −2
√
4m2q/s− 1 arctan
1√
4m2q/s− 1
,
I1 (mq) = 1+
2m2q
u¯
(
m2B − s
) [L1 (x+) + L1 (x−)− L1 (y+)− L1 (y−)] ,
and
x± =
1
2
±
(
1
4
− m
2
q
u¯m2B + us
)1/2
, y± =
1
2
±
(
1
4
− m
2
q
s
)1/2
,
L1 (x) = ln
x− 1
x
ln (1− x)−pi
2
6
+Li2
(
x
x− 1
)
.
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